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1. Introduction

Since 1980s, the application of unstructured triangular grids has
excited our great interest because of its good adaptability to com-
plex geometries and flexibility of local refinement. Some grid gen-
eration techniques have been presented, such as Advancing Front
Technique (AFT) [1,2], Delaunay triangulation algorithm [3,4] and
the Bubble Packing Method (BPM) [5,6]. Among these methods,
AFT and Delaunay triangulation algorithm are widely used, while
AFT and BPM can generate higher-quality unstructured grids. In
addition, BPM can generate high-quality unstructured grids auto-
matically for dynamic meshing and can be easily extended to three
dimensions, and has been developed rapidly in recent years.

Similar to structured grids, there are two basic finite-volume
techniques for the discretization of governing equations on
unstructured grids. One is the cell-centered scheme (named Prac-
tice B in literature [7,8]), and another is the cell-vertex scheme
(named Practice A in literature [8]). For the former scheme, the
variables are located at the centroids of the control volumes (see
Fig. 1), while for the latter, the variables are located at the vertexes.
For unstructured triangular grids, there are two approaches to
structure the control volumes for the cell-vertex scheme. The first
approach is to connect the successive centroids of the triangular
elements which share the same vertex by straight lines, thus the
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vertex is the node of the control volume, as shown in Fig. 2a. The
second approach which is proposed by Winslow in 1967 and often
applied in FEM is to join the centroids of each triangle sharing the
same vertex to the midpoints of the sides of that triangle, as shown
in Fig. 2b. However, the second approach is seldom employed in
FVM because it is not convenient for structuring the control vol-
umes and the numbers of neighboring elements for different con-
trol volumes are varying, thus is difficult for computation. The first
approach (Fig. 2a) is employed in this article.

For the cell-centered scheme for triangular grids, the program
implementation is easier because the grid cells themselves are
the control volumes, and the numbers of neighboring elements
of different control volumes are fixed. On the contrary, the pro-
gram implementation with a cell-vertex scheme is more complex
because the control volumes are not the mesh cells and thus we
have to construct the control volumes separately, besides the num-
bers of neighboring elements for different control volumes are
varying. Therefore, the cell-vertex scheme is not so popular in
FVM. However, every coin has two sides, and in this article we in-
tend to explore whether the cell-vertex scheme has some advanta-
ges in accuracy and convergence rate. As literature [9] indicated
the discretization error of the cell-vertex scheme is smaller than
that of the cell-centered scheme for one dimensional non-uniform
grid, yet these two schemes based on quadrilateral grids give al-
most identical results in the calculation of a two-dimensional fluid
flow problem. However, the differences in accuracy and conver-
gence rate between these two schemes for triangular grids have
not been discussed before and still need to be studied.
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Nomenclature

a distance between two adjacent nodes

ay length of the sides of hexagons

ar length of the sides of triangles

A area of a face of a control volume

A face vector(= fiA)

b length of a face of a control volume

d; nodal distance vector from node P, to P;

D; cross derivative term

Df normal term

F mass flux at surface j

gr, weight coefficient

n; outward unit normal vector of surface j of a control vol-
ume

So source term

U velocity vector

Vp, the control volume of node Py

X;j direction from Py to P;

Greek symbols

Iy general diffusion coefficient

Vp, variable gradient at node Pqy

Vp, variable gradient at node P;

& coefficient of truncation term of cell-centered scheme
&y coefficient of truncation term of cell-vertex scheme
p density of fluid

¢ a general variable

o numerical solution at node i

b benchmark solution at node i

®; variable at surface j

Subscripts

T.H T = triangle, H = hexagon

C Vv c = center, v = vertex

For quadrilateral grids, there are no significant differences be-
tween a cell-vertex scheme and a cell-centered scheme, because
the shapes and the numbers of the control volumes for the two
schemes are the same. But for triangular grids, the shapes and
the number of the control volumes for these two schemes are both
different, e.g. for a cell-centered scheme, the control volumes are
triangles while they are hexagons or polygons for a cell-vertex
scheme, and the number of control volumes for a cell-centered
scheme is larger than that for a cell vertex scheme. So there maybe
some differences in accuracy and convergence rates between these
two schemes, which is our concern in this article.

The application of unstructured triangular grids in fluid flow
and heat transfer problems has a limitation that high-order
schemes which are mature on structured grids are difficult to
implement. When Navier-Stokes equation is discretized on trian-
gular grids, the general schemes of convection term are FUD
(First-order Upwind Difference) [10,11], SUD (Second-order Up-
wind Difference) [12] and CD (Central Difference). FUD has serious
numerical dissipation thus is seldom used. Although CD indicates
numerical instability, it is often used [13-15] on unstructured
meshes if stability conditions are satisfied.

In this article, Navier-Stokes equation is discretized by the fi-
nite-volume method based on non-staggered [11,16-18] unstruc-
tured triangular grids. The convection term is discretized by
deferred-correction CD and SUD scheme respectively, and the dif-
fusion term is discretized by CD scheme. Coupling between pres-
sure and velocity is solved by SIMPLE algorithm [10,11,19,20]
based on non-staggered grid, and the velocity at the surface is cal-
culated by pressure-weighted interpolation method [21,22].

X

Fig. 1. Control volumes of the cell-centered scheme for the triangular grid.

2. Governing equation and discretization

The general form of the governing equation for a convection-
diffusion problem can be written as follows:
a(p¢)
o TV (pU®)
where ¢ represents a general variable, U is a velocity vector. p, I',
and S, are the density of the fluid, the general diffusion coefficient

and the source term respectively. For a steady flow, Eq. (1) is re-
duced to

V- (pUg) =

=V - (I'yV)+Sy, (1)

V- (I'y V) +S,. 2)

Integrating general Eq. (2) over an arbitrary control volume gives
/ V- (pUg)dV — / V. (I,V)dV + / S,dV. 3)
14 Vv Vv

Applying Gauss Theorem, we obtain
[ ous—rove)-da~ [ sav. )

where A is the area of a face of a control volume, and A is a face
vector(= fiA).
For an N-polygonal control volume, we obtain

S,dv. (5)

Vp,

N
> [ (pUg-1,79) A~
i—1 74

The convection term in Eq. (5) can be discretized as

G~ [ (pUg)- s

J

= (pU9); - Aj = Fj¢;, (6)
here ¢; can be calculated by the central difference scheme with a
linear interpolation, i.e. ¢; = gp ¢p, + (1 — &p,)®p;» OF the second-or-

' - _ [+ Vp, - (rj—Tp) n =0
der upwind scheme [12], i.e. ¢; = {(bpj +Vy, (1 —T5) <0
where g, is a weight coefficient, P, and P; are two adjacent nodes,
F; is mass flux at surface j, V¢, and V¢p, are the variable gradient
at node Py and P;.The diffusion term in Eq (5) can be discretized as

Dj=- /F¢V¢ dA = -T'yVé; - Aj, (7)
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Fig. 2. Two kinds of control volumes of the cell-vertex scheme for the triangular grid.

where D; can be divided into two terms [23] at the surface as
follows:

D; = D + D, (8)
0 &b, — b, d;
o= (M ) A ®)
d d;
D =1 (V)= (Vo) gl i) (10

In Egs. (8)-(10), A; is the face vector of face j, d; is the nodal distance
vector from node Py to P;, Df and D]'.1 are the cross derivative term
and the normal term respectively.The source term can be discret-
ized as

SydV =Sy, Vi, (11)
Ve,

Substituting Egs. (6), (7), and (11) into Eq. (5) we obtain the equa-
tion in the form as below

N
dodp, = Zajd)Pj + bo, (12)
=1
where
r¢]
a = QP (d; - Aj) + (max(F;,0) — Fj), (13)
i
N
ap = Zaj7 (14)
=1

N

b =3[ (V0= (V)< ) A= (0= max(E.0

j=1
+(¢j — ¢Pj)max(—Fj,0)} + Sp, Vo (13

Then variable ¢ in Eq. (12) can be solved with a suitable non-linear
equation solver.

3. Error analysis

The solution error will be influenced by truncation error caused
by discretiztion, round-off error caused by limited characters of the
computer, the error caused by incomplete iteration, and the quality
of the grids. Thus it is difficult to analyze the solution error quanti-
tatively with all these factors considered. In this article, we just con-
cern about the difference in accuracy between the cell-centered
scheme and the cell-vertex scheme, so the influences of other

factors should be eliminated. For the same computer, the difference
in round-off error can be ignored. And the influence of error caused
by incomplete iteration could be equated. In addition, if the triangu-
lar cells are equilateral, the quality of different grids could be con-
sidered the same. So the comparison of solution errors between
the cell-centered scheme and the cell-vertex scheme can be per-
formed on equilateral grids. It is reported in [24,25] that the influ-
ences of nonorthogonality on accuracy are very slight if the mesh
is not very skew. Then, we may borrow this conclusion to our case
and assume if the grids do not deviate from equilateral grids se-
verely, the conclusion obtained from equilateral grids remains. As
an indicator of solution error, the truncation errors of the cell-cen-
tered scheme and the cell-vertex scheme are compared in this part.
Applying Eq. (5) and (11) to any equilateral N-polygonal control
volumes in the two dimensional Cartesian coordinate, we obtain

ZjN:] (pU(p)] . Aj Zszl r¢jv¢j 'Aj o 16
Vb, B Vb, T (1)

0

We define a as the distance between two adjacent nodes (grid size),
and b as the length of a face of a control volume. For an N-polygonal
control volume, Eq. (16) can be written as

N b N PR b
> U iy~ ZFJZ—V
j=1 j=1

N $p, +Pp, b N b
:;Pjuj'"jioz Jw*;FJ(¢Pj*‘/’PO)m~ (17)

Assuming that x; is the direction from P, to P;, the Taylor expansions
for ép, and ¢p; at the midpoint of side j of a control volume are as
follows:

1 V] 2 1 3 3 4
¢p0:¢j—g—,ﬁ%+§%(%) _6%(3) +°<(§> ) (18)

B opa 18¢ a2 18¢ a\3 a4
=t aataaed) tear @ tolE)) 19
Substituting Eqgs. (18) and (19) into Eq. (17), we obtain

N b N <4>pj—¢P0 b
> U oy~ ZFJZ—V
= =

N b .04 b
= ijuj'”jfﬁjw— Zﬂ'aw
j=1 j=1 7
N @b #¢ N . ab ¢
+ 2P b gay " > Tigaay Ea 20

tranction1 tranction2
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Fig. 3. Physical model and computational domain in Example A.

In Eq. (20), truncation1 and truncation2 are the truncation terms of
convection term and diffusion term respectively. Here we define ar
and ay as the length of the sides of the triangles and hexagons
respectively. For the triangular control volume, we have
a =+/3ar/3, b =ay. Similarly, we have a = v3ay, and b=ay for a
hexagon control volume. For the same mesh, the length of the sides
of triangles and hexagons satisfies ay = ?ar. Thus, the coefficient of
truncation term of a cell-centered scheme is

2
() -
AV center

Similarly, for a cell-vertex scheme we have

(azb) (V3ap)*-ay 2 2
51/: AV =———F% - =—=0ay = 5dr.
AV vertex 6 x % ?az \/§ 3

H

2
(Sar) -ar
-t ——qar
1342
18a 3V3

Above all, we have ¢.> &, which means the truncation error of a
cell-centered scheme is greater than that of a cell-vertex scheme
for a triangular mesh.

4. Numerical examples

A heat conduction problem and a convection-diffusion problem
are employed to verify the theoretical derivation. The computa-
tional domains are mapped by triangular grids and the governing
equations are discretized by the cell-centered scheme and the
cell-vertex scheme on the triangular mesh respectively. In this
part, the accuracy and convergence rates of the two schemes are
to be compared.

JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
ININININININININININININININNS

AVAVAVAVAVAVAVAVAVAVAVAVAVAYAV
INISININININININININININ NN
NANANININNNINNNININS

(a)

Table 1
Comparison of solution errors between the cell-centered and the cell-vertex scheme
in Example A.

Number of triangular cells Absolute error

Cell-centered scheme Cell-vertex scheme

50 6.09 x 107 1.14 x 1076
200 157 x 1074 4.09 x 1077
450 7.03 x 107° 7.18 x 1077
800 3.97 x10°° 3.34x1077

1250 253 x107° 2.71x 1077
A

v

Fig. 5. Computational domain and boundary conditions for the lid-driven cavity
flow problem in Example B.

4.1. Comparison of accuracy

4.1.1. Example A

For a cylinder of inside radius r; and outside radius r,, with the
boundary conditions T=t; at r=r; and T=t; at r =1, respectively
(see Fig. 3), the temperature at any radius r can be calculated by
the following equation (refer to [26]).

-t

t=t +——
H_ln(rz/rl)

In(r/r) (21)

The quality of the grids would affect the numerical accuracy. In
order to compare the differences in accuracy and convergence rate
between the cell-centered scheme and the cell-vertex scheme, the
influence of the grids quality has to be eliminated. For a diamond
domain shown in Fig. 3, it can be discretized by completely equilat-
eral triangular cells, thus the control volumes for the cell-centered
scheme and the cell-vertex scheme are all equilateral elements.
For the cell-centered scheme, the variables are located at the cen-
troids of the triangular cells, and the cells are control volumes,
whereas for the cell-vertex scheme, the variables are located at
the vertexes of triangular elements and the triangular cells are

Fig. 4. Control volumes for (a) the cell-centered scheme and (b) the cell-vertex scheme in Example A.
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Fig. 6. Control volumes of (a) the cell-centered scheme and (b) the cell-vertex scheme in the square cavity flow problem in Example B.

not the control volumes. The control volumes of the cell-vertex
scheme are hexagons as shown in Fig. 4.

In this example, five groups of triangular meshes consisting of
different number of cells are generated for the computational do-
main. The numbers of triangular cells are 50, 200, 450, 800 and
1250 respectively. The solution errors of the cell-centered scheme
and the cell-vertex scheme are listed in table 1. The ‘Error’ in the
table is defined as mean absolute deviation between numerical
solution and analytical solution. As can be seen from Table 1, the
solution error of the cell-vertex scheme is smaller than that of
the cell-centered scheme by two orders of magnitude.

4.1.2. Example B

The second example is a lid-driven cavity problem, and the
computational domain and boundary conditions are illustrated in
Fig. 5. In this part, a square cavity (8 =90°) and a skewed cavity
(B =45°) are discussed. The computational domains are mapped
by triangular grids.

A R ATAPATAVATA AAVAVAvﬁﬁﬁﬁ\‘r‘éﬂ
. A AVAVAVAVATAVAVAVAVAY SPA VAV, o A ey, AT

i e
AT e aronsrivyidg
A0

PV Ay, 74N 7 >
AAHAAFIN NAVAVAYAV
YLy AYALy AVAVAY v s AVAVAVAVAY v o)
ASIOIIOHRIORA KNI,
T AYay AV AV AV AT AVAVAYAVAVAVAVAVAYAN
Y VAV VA AVANAVAVAVAVAVAVAVAVAVAVAVAVAV,
P aTava SYAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAYAVAL
‘%evévev.‘g#‘wvvvvvv AVAVAVAVAVAVAVAV

(b)

Fig. 7. Control volumes of (a) the cell-centered scheme and (b) the cell-vertex
scheme in the skewed cavity flow problem in Example B.

The governing equation is discretized with a finite-volume
method based on the cell-centered scheme and the cell-vertex
scheme on triangular grids respectively. The control volumes for
the cell-centered scheme are triangles shown in Fig. 6a, and for
the cell-vertex scheme they are polygons shown in Fig. 6b. Figs.
6 and 7 reveal that the control volumes for the cell-centered
scheme are grid cells (triangles) themselves and the numbers of
neighboring elements of different control volumes are fixed, but
for the cell-vertex scheme the control volumes are not the grid
cells and the numbers of neighboring elements of different control
volumes are varying.

The difference in accuracy between a cell-centered scheme and
a cell-vertex scheme is mainly attributed to the difference in trun-
cation error of these two schemes. If the mesh is dense enough, i.e.
the grid independent solutions are obtained, the truncation errors
of the two schemes should be identical and both schemes should
lead to the same results. So the accuracy of the two schemes
should be compared before the grid independent solutions are
obtained.

In this example, Re is set at 1000. Based on the cell-centered
scheme and the cell-vertex scheme, the governing equation is dis-
cretized on three groups of triangular meshes consisting of differ-
ent number of cells.

Table 2
Comparison of average absolute errors between the cell-centered and the cell-vertex
scheme in Example B.

Cell Average absolute error of U Average absolute error of V
numbers  velocity component velocity component
Cell-centered Cell-vertex Cell-centered Cell-vertex
scheme scheme scheme scheme
506 3.72x 1072 2.00 x 1072 4.06 x 1072 1.91 x 1072
896 2.97 x 1072 1.24 x 1072 2.89 x 1072 1.24 x 1072
5628 5.78 x 1073 522 x 1073 491 x 1073 418 x 1073
Table 3

Comparison of average relative errors between the cell-centered and the cell-vertex
scheme in Example B.

Cell Average relative error of U Average relative error of V
numbers velocity component (%) velocity component (%)
Cell-centered Cell-vertex Cell-centered Cell-vertex
scheme scheme scheme scheme
506 30.47 13.94 35.42 15.09
896 22.64 8.47 23.16 9.22
5628 3.89 3.43 3.34 2.90
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For the lid-driven square cavity problem, in order to compare
the numerical errors of the cell-centered scheme and the cell-ver-
tex scheme quantitatively, we calculated the U-velocity compo-
nent and V-velocity component on a 160 x 160 mesh, and the
results are set as the benchmark solution. The solution error can
be obtained by comparing the numerical results with this bench-
mark solution. The average absolute errors and relative errors of
the cell-centered scheme and the cell-vertex scheme for different
grids are presented in Table 2 and Table 3 respectively. The average
absolute error in Table 2 can be calculated by Eq. (22), and average
relative error in Table 3 can be calculated by Eq. (23). As shown in
Table 2 and Table 3, the average absolute error and relative error of
the cell-vertex scheme are almost half of the cell-centered scheme

1.2
—o— celleentered scheme
104 —e— cell-vertex scheme .
4 benchmark solution

0.8+

0.6

0.4+

=) . JA-esd
0.24
/rj’*y
0.0 - M,{”
/13;.
024 %o 0~
2o
-0.44 A
T T T T T
0.0 0.2 04 0.6 0.8 1.0
Y
1.2
1.04
—o— celleentered scheme
0.8 —e— cell-vertex scheme

A benchmark solution

0.0 02 04 0.6 038 1.0
Y
1.2
1.0 —o— celleentered scheme
1 o— cell-vertex scheme
0.8+ A benchmark solution

0.6-
04
0.2-
004,

-0.24

04
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for course mesh and the difference in error between these two
schemes decreases with the increase of the number of cells.
_Zhloi— il

N
where ¢; is the numerical solution at node i, and ¢; is the bench-
mark solution and N is the number of nodes.

Error, (22)

Error
Errorg = ——2 (23)
¢
where
N
&) — Zi:l ‘d)l‘
N
0.4 R
AAo/D :D\*\. —o— cellcentered scheme
024 .// o —e— cell-vertex scheme
" F .":\‘\5!3 A benchmark solution
00
0.0-& -
- "
-0.2 *
A
—_Ile
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L]
A
06 T T T T T
0.0 0.2 04 0.6 0.8 10
X

(a)
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4 benchmark solution
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Fig. 8. Comparison of velocity components for the lid-driven square cavity flow problem in Example B on the grid consisting of (a) 506 cells, (b) 896 cells and (c) 5628 cells.
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Besides, the velocity components at two centerlines CL1 and CL2 are
compared with benchmark solution [27]. The U-velocity component
at the centerline CL1 and V-velocity component at the horizontal
centerline CL2 are depicted in Fig. 8 (square cavity) and Fig. 9
(skewed cavity) respectively. It is verified from the results shown
in Figs. 8 and 9 that the solution of the cell-vertex scheme is much
closer to the benchmark solution than that of the cell-centered
scheme. In addition, as the number of cells increase, the numerical
results are gradually reaching to the benchmark solution.

As disclosed in Figs. 8 and 9, before grid independent solution is
obtained, the solutions of the cell-vertex scheme are closer to the
benchmark solution, which indicates that for a triangular mesh,

8057

the cell-vertex scheme is more accurate than the cell-centered
scheme, which makes it possible to use fewer grid cells to achieve
the same accuracy and thus to save the computation time. This
should be the first advantage of the cell-vertex scheme.

For the same case in Example B, if the convection term is dis-
cretized by SUD scheme, similar result can be obtained, i.e. the
cell-vertex scheme is more accurate than the cell-centered
scheme for the same triangular mesh. To be brief, only one
group of results of a lid-driven skewed cavity (45°) problem is
given in Fig. 10, which further demonstrates that the result of
a cell-vertex scheme is more accurate than that of a cell-cen-
tered scheme.

0.03+
1.0+ i LA A
—o— cell-centered scheme 0.024
0.8+ —e— cell-vertex scheme 0.01 1
A benchmark solution R
0.6+
0.00-4
0.4 1 —o— cell-centered scheme
B 0.014
=) > —e— cell-vertex scheme
) 4 benchmark solution
0.2+ 0.02+
0.0 -toeamececeatiececAnIned 0.03+4
0.04 A A
-0.2 AA
T T T T T 00: T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
Y
(a) x
0.034
1.0 - A 4
—o— cell-centered scheme A 0.024 Ao
08 —e— cell-vertex scheme " ’
’ A benchmark solution / 0.014
0.6
0.00-#
5 0.4 -0.014 —o— cell-centered scheme
> —e— cell-vertex scheme
0.2 -0.024 4 benchmark solution
0.0 -4mecec e o 0037
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] m ﬁ’j 0.04]
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T T T T T _0'0: T T T T T
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Y (b) X
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A benchmark solution
0.014
0.6+
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> ] —e— cell-vertex scheme
N .
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0.0 -0.03+
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5896 cells.

(c)

Fig. 9. Comparison of velocity components for the lid-driven skewed cavity (45°) flow problem in Example B on the grid consisting of (a) 1114 cells, (b) 2008 cells and (c)
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Fig. 10. Comparison of velocity components with the convection term discretized by SUD in Example B.

4.2. Comparison of convergence rates

The comparisons made above indicate that a cell-vertex scheme
is more accurate than a cell-centered scheme for certain triangular
grid. In this part, the difference in convergence rate between
the cell-centered scheme and the cell-vertex scheme is to be
compared.

It is known that the convergence rate is influenced by many fac-
tors, thus we must make sure they are compared under an identi-
cal circumstance including discretization of the governing
equations, solution algorithm, iteration method for the algebraic
equations, convergence criterion and mesh quality. As the grids
employed in Example A are completely equilateral grids, the influ-
ence of grid quality would remain the same no mater a cell-cen-
tered scheme or a cell-vertex scheme is employed. In addition,
the iteration scheme in this article is chosen to be a Gauss-Seidel
scheme.

For the heat conduction problem in Example A, the convergence
rates of the cell-centered scheme and the cell-vertex scheme are
compared on five groups of grids consisting of different number
of cells, and the comparisons disclose that the convergence rate
of the cell-vertex scheme is much faster than that of the cell-cen-
tered scheme. For briefness, only one comparison is plotted in
Fig. 11. Fig. 11a presents the variation of the norm of the residual
as a function of performed iterations for the cell-centered scheme
and the cell-vertex scheme, while Fig. 11b shows the variation of
the norm of the residual as a function of computation time. It
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can be seen in Fig. 11 that the norm of residual of the cell-vertex
scheme falls much more rapidly than that of the cell-centered
scheme. When the same norms of residual are obtained, the com-
putation time of the cell-centered scheme is twice of that of the
cell-vertex scheme.

In Example A, the convergence rates of the cell-centered scheme
and the cell-vertex scheme are compared on completely equilat-
eral grids. However, the grids employed in the calculations could
not always be equilateral. It is reported in the paper [25] that the
convergence rate is not seriously affected by the orthogonality of
the mesh if the crossing angle of the grid lines is greater than
45°, Therefore, we could borrow this conclusion to our case and as-
sume that if the gird cells do not deviate from equilateral severely,
the convergence rate of the cell-vertex scheme should always be
faster. In order to validate this assumption, we compare the con-
vergence rates for the lid-driven cavity problems in Example B.

The convergence rates of the cell-centered scheme and the cell-
vertex scheme are compared for different grids consisting of differ-
ent number of cells, and the results show that the convergence rate
of the cell-vertex scheme is much faster than that of the cell-cen-
tered scheme. Briefly, only parts of the results are presented here
as shown in Fig. 12 and Fig. 13. The residual in Figs. 12 and 13 is
defined as the residual of the pressure correction equation for
the SIMPLE method. Fig. 12 shows the comparison of convergence
rates between the cell-centered scheme and the cell-vertex
scheme for the lid-driven skewed cavity flow problem with a skew
angle of 45°, and Fig. 13 shows the comparison of convergence
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Fig. 11. Comparison of convergence rates for the heat conduction problem in Example A on the grid consisting of 1250 cells: (a) variation of residual as a function of iterations

and (b) variation of residual as a function of time.
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Fig. 12. Comparison of convergence rates for the lid-driven skewed cavity (45°) problem in Example B on a mesh consisting of 5896 cells.
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Fig. 13. Comparison of convergence rates for the lid-driven square cavity flow problem in Example B on the grid consisting of 5628 cells: (a) variation of residual as a function

of iterations and (b) variation of residual as a function of time.

rates between the two schemes for a lid-driven square cavity flow
problem. It can be seen in Figs. 12 and 13 that much less computa-
tion time is consumed by the cell-vertex scheme than by the cell-
centered scheme. Fig. 13 presents that the computation time cost
by the cell-vertex is 50% of that cost by the cell-centered scheme.
Hence the second advantage of a cell-vertex scheme should be
computation time-saving. In addition, it is also presented in Figs.
12 and 13 that the iterative oscillation of the cell-vertex scheme
is smaller than the cell-centered scheme.

The reasons for the difference in convergence rates between the
cell-centered scheme and the cell-vertex scheme can be analyzed
from two aspects. First, the number of control volumes for the
cell-vertex scheme is fewer than that for the cell-centered scheme,
and fewer equations need to be solved, thus the convergence rate
is faster. Second, it can be analyzed from a perspective of error vec-
tor attenuation. By Fourier analysis, error vector can be summed up
by finite harmonics components, thus the converging process is a
process of harmonics components attenuation. Among these har-
monics components, there are long-wave components and short-
wave components. It is known that, short-wave components de-
crease rapidly and the convergence rate mainly depend on long-
wave components. We also know that long-wave components de-
crease effectively on course mesh, which is the basic idea of multi-
grid method. In one word, for the same grid, larger size of control

Fig. 14. The sizes of control volumes for a cell-centered scheme and a cell-vertex
scheme.

volume is beneficial to convergence rate. Here the size of the con-
trol volume is defined as the distance between two adjacent nodes,
i.e. for a cell-centered scheme, the control volumes are triangles
shown in Fig. 14 and the size of control volume is b, while for a
cell-vertex scheme, the control volumes are hexagons and the size
of control volume is a. It can be calculated mathematically that
b =+/3a/3, that is the size of control volume for a cell-vertex
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scheme a is larger than the size of control volume for a cell-cen-
tered scheme b. This should be why the convergence rate of a
cell-vertex scheme is much faster than that of a cell-centered
scheme.

5. Conclusions

The cell-vertex scheme for unstructured triangular meshes is
not widely used in FVM due to the complexity of program imple-
mentation. However, there are some advantages in both numerical
accuracy and convergence rate using this scheme. In this article,
the numerical accuracy and convergence rate of the cell-vertex
scheme and the cell-centered scheme are studied, and the results
reveal that there are two advantages for the cell-vertex scheme:
(1) on the same triangular mesh, the cell-vertex scheme is more
accurate than the cell-centered scheme, in other words, fewer cells
are required to achieve the same accuracy for a cell-vertex scheme;
(2) on the same triangular mesh, the convergence of the cell-vertex
scheme is much faster than that of the cell-centered scheme, thus
much computation time can be saved.
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